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ACBED F R G HJILKNMOKPILHRQ F!D HRG=SNTVUVU B S�K�WVXPHZY)H F R(0,−→ex ,−→ey ,
−→ez ) G H[ILHPUZ\PI]H B I F_^�B Q B Ia`bK�c D ILHed Fgf T D GhT D HiS Fj SkS B d D K BCl (0,−→ez ) HeS F Gnm j XPH�o�HPI F!D d j G j SkdiHRQRc j Q FNp)ACBED F ~g Gnm j dediKRG KRI j F!DqB QJcrHJUrHeS j Q F HPTVIsYtcrHuQ B Ia`bH

g = 9.81 ` . S −2 pv Q'd B Q�S D cr\PI]HwTVQ�` BCxrD G H j S�S D ` D G K?y�TVQzU BED Q F ` j F KPI D HPG|{}crH'` j SkS�Hw`'Y f T D S�H?crKPUVG j dNH?SNTVI<TVQ�I j D G
S D F T�K~c j Q�SgG H�UVG j Q~o�HPI F!D d j G (0,−→ey ,−→ez )

p1� H�U j ILd B TVI]S�cCT[` BExrD G HzG H�G B Q���cCT�I j D G�S�H~crK�d B `gU B S�HwHPQ
crHPTeX pt� Hz��o�HRILS~�<YtG H�I j D G�HiS F j S�S D ` D G KzyuTVQ�H�d B TVI x H�crH�M B I F H�UrHPQ F H j W�Q�crH�d B `g`5TVQ D�f T�HRI j T
` BCxrD GhI�TVQ�H'o D F HiSkS�H f T D GhT D UrHRIa`bH F�F I j crH�U j I�d B TVI D I�Gnm D Q F KRI D HRTVI�cCT�diHPILdRG H�crH�diHPQ F I]H v 1 Y�crH�I ji� B Q
a
p�� j d B TVI x H0����H F G H5diHRI�dRG HgS�H~I j ded B ILcrHPQ F HRQ���d B Q F!D QVT�HP`bHPQ F?� o BED I=WE�CTVI]Hz��� p� Hz` BExrD G H�{�HeS F G Dnx KPI]K'S j Q�S�o D F HeS�S�H D Q D F!D j G H'HRQ���Y�y�G j ^ j T F HPTVI h j T���crHeS�SNT�SbcCT�U BED Q F � � U BED Q F
G H~UVGhT�S x j S�cCTwdiHRI�dRG H�� p� j Q�S F�B T F G H~URI BCx G \P`bHZY B Q�Q�Ke�CG D �rH~G HiS�M�I BZF�F HR`�HRQ F S�HRQ F ILH�G H�` BExrD G H0H F G H~I j D G�Y
crH F HPG�G HgS B I F H f T�H
G j ILK j d F!D B Q ~R H�XPHPILdiKiH�U j I�G H~I j D G�S�TVI�G H~U BED Q F ` j F KRI D HPG�{�S BED F Q B Ia` j G H j T�I j D G�HPQ F�B T F U BED Q FNp
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FIG. 1 – Schéma du dispositif.
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Les parties I, II-A et II-B peuvent être traitées séparément.
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1) - { B Q F ILHRI f T�H~G j ILK j d F!DqB Q ~R Q�H F I j o j D GhG HwU j S p

2) - { B Q F I]HPI f T�HgGnm KPQ�HPI]� D HgU BZF HRQ F!D HPGhG H Ep c B Q F crKRI D o�H'G H'U BED crS ~P cCTzU BED Q F ` j F KPI D HPG|{ HiS F crH'G j
M B Ia`bH Ep = αz + β

BCl
α H F β S B Q F crHeSbd B Q�S F j Q F HeS p54 ILKed D S�HPI Gnm H�X URILHeS�S DqB Q�crH α HPQ~M B QRd F!DqB QzcrHeS

c B QVQ�KiHeS cCT�URI BEx G \P`bH p

3) - (a)
� mhKRQ�HPI]� D H~`bK�d j Q D�f T�H0S�H5d B Q�S�HPI o�HN� F �sHPGhG H7698rT�S F!D WEHPI)o BZF ILHwI]KPU B Q�SkH p

3) - (b) :VX URI D `�HRI<Gnm KPQ�HRIL� D Hw`�Ked j Q D�f T�H?HPQ0M B QRd F!DqB QgcrH m Y v Y g H F z
BEl

v crKiS D �CQ�HwG Hg` B cCTVG H?crHgG j
o D F HiSkS�HgcrH�{�U j I�I j UVU B I F j T�I]KiMOKRILHPQ F!D HPG R p
3) - (c) ��Gnm j D crH?crHwG j d B Q�S�HPI o j F!D B QgcrHwGnm KPQ�HRIL� D Hw`�Ked j Q D�f T�H0H�X URI D `�HRI�G Hw` B cCTVG H?crHwG j o D F HeS�S�H0cCT
` BCxrD G H j TzU BED Q F �<Y�Q BPF KeH VB Y�HPQ'M B QRd F!DqB QwcrH g H F h

p
3) - (d) :
Q~crK�cCT D ILH~G H?o�Hed F HPTVI)o D F HiSkS�H f T j QRcu{ U j S�SkH0HPQ��<; ~VB

p
�&�=�����+�
	��	��>�?����� ���!���%�<	��$# *����@')AB,�A��C���D�FE5�G�&E���')AH�G�&�F	��B�IAH�/'

� U j I F!D I cCT U BED Q F �<Y�G j F I jKJ H�d F�BED I]H�cCT ` BCxrD G H�HeS F TVQJdiHRI�dRG H[crH�dNHPQ F ILH v 1 H F crH�I ji� B Q a
p1v Q

d B Q�S D cr\PILHzG H�ILHRUr\PI]HZY
W�XPH5c j Q�S R Y R1(01,
−→ex1,

−→ey1)
D QRc D�f T�K5SNTVI�G j WE�CTVI]HML p=� j U B S D F!D B Q�crH�{�S�TVI
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FIG. 2 – Etude du looping.

G H�diHPILdRG H�HeS F I]HPUrKRILKiH$U j I�G HiSwd BEB I�c B QVQ�KeHeS�U B G j D ILHeS (ρ(t),ϕ(t))
p�v QucrKNW�Q D F Ki� j G HP`bHPQ F G j x j SkH
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U B G j D ILH B = (−→eρ ,−→eϕ)
F HRG�G H f T�H −−→O1M = a−→eρ Y (−→eρ ,−→eϕ) = +π/2 Y�H F Gnm j Q��CG H ϕ(t) = (−→ex1,

−→eρ)
p

� p � p ; v Q�UZHPT F I]HP` j I f T�HRI f T�H −→ey1 = −→ey H F −→ex1 = −
−→ez
p

II-(A) - Etude sans frottement visqueux

v Q�S�TVUVU B S�H f T�H0G H?` B T�o�HP`bHPQ F cCT'` BCxrD G Hby'Gnm D Q F KRI D HRTVI=cCT�diHPILdRG H�SNmhH���Hed F T�H�S j Q�S�M�I BZF�F HP`bHPQ F S�H�d p� Hb` BCxrD G HPY F�B T J B TVI]S1HRQ�d B Q F j d F j o�HedbG HbI j D GnY�Q�m HeS F j G B ILS1S B TV` D S f T�mhy5G j ILK j d F!DqB QbcCT0I j D G ~R =−R−→eρ�
R > 0 ��H F y'S B Q�U BED crS ~P = mg−→ex1

p

4) - :VX URI D `bHPItc j Q�S�G j x j SkHwU B G j D I]H B G j o D F HeS�S�H ~v(M/R ) HPQ'M B QRd F!DqB Q~crH a H F ϕ̇
p

5) - (a) :rX UPI D `bHPI ~P c j Q�S�G j x j SkH B p
5) - (b)

�<B QVQ�HPI)Gnm H�X URILHiSkS DqB Q5crH0G j UVT D SkS j QRdNH�cCTwU BED crS ~P crH'{ c j Q�S�S B Qw` B T�o�HR`�HRQ F U j ItI j UVU B I F
y R p
5) - (c) { B Q F ILHPI f T�H~Gnm KPQ�HRIL� D H~U BZF HRQ F!D HRG�G Hgc B Q F crKPI D o�H~G H~U B D crS�SNmhH_X UPI D `bH ;
Ep = C1 cosϕ +C2

BCl
C1 H F C2 S B Q F crHiS?d B Q�S F j Q F HeS?H F�BCl o B T�S'URILKed D SkHRILH���G�mhH_X UPI]HeS�S D B Q�crH C1HPQgM B QRd F!D B Q'crH m Y g H F a
p

6) - :VX URI D `�HRI�G H F I j o j D GVKRG KP`bHPQ F j D I]H5crHwG j I]K j d F!DqB Q ~R G B ILS cCT�G H0crKRUVG j diHR`�HRQ F crH�{ yzGnm D Q F KRI D HPTVI
cCT~dNHPILdRG H p

7) - (a)
� mhKRQ�HPI]� D H~`bK�d j Q D�f T�H5cCT�U BED Q F { SkH5d B Q�SkHRI]o�H�� F ��HRG�G H76

7) - (b) :rX UPI D `bHPI Gnm KPQ�HRIL� D Hz`bK�d j Q Dqf T�H5HRQ'M B QRd F!DqB QwcrH m Y g Y a Y C2 Y ϕ H F ϕ̇
p

7) - (c) :CdRI D I]H�G H F_^ K B IL\R`�H'crH�G�mhKRQ�HPI]� D Hz`�Ked j Q D�f T�H�U B TVI { p :|QzcrK�cCT D ILH�TVQ�H'K f T j F!D B Q�cCT�` B T��
o�HP`bHPQ F ILHRG D j Q F g Y a Y ϕ H F ϕ̈ S j d ^ j Q F�f T�H ϕ̇ HiS F Q B Q D crHPQ F!Dqf T�HP`bHPQ F QVTVG p
7) - (d)

A TVUVU B S B Q�S f T�H ϕ ILHiS F H'SNT��~S j `g`bHPQ F UZH F!D F�F HRG f T�H ; sin(ϕ) ≈ ϕ
p { B Q F I]HPI j G B ILS f T�HzG H

` B T�o�HP`bHPQ F crH�{}o�KPI D WEH~Gnm K f T j F!DqB Q ; ϕ̈+ω2ϕ = 0
BCl o B T�S�UPI]K�d D S�HPILH�� ω

p
:|Q�crKNW�Q D SkS j Q F TVQ?Q B T�o�HPG D Q�S F j Q F<D Q D F!D j GZG B ILS f T�H�{ HeS F HPQ5�<Y D p H p ϕ(t = 0) = 0 j o�H�d ϕ̇(t = 0) = ϕ̇0 Y` B Q F ILHRI f T�H ϕ(t) HeS F crHgG j M B I `�HM; ϕ(t) = C3 sin(ω0t)

BCl o B T�S D QRc D�f T�HRILH��5Gnm H�X URILHiSkS DqB Q5crH C3 HPQM B QRd F!DqB Q'crH ϕ̇0 H F ω
p

II-(B) - Etude avec frottement visqueux

v Q�SNTVUVU B SkH�` j D Q F HRQ j Q Fbf T�H�G H�` BExrD G HgHeS F S B TV` D S�HPQ�UVG�T�S�y[TVQ�HgM B ILdiHwS�TVUVUVG KR`�HRQ F j D ILH�c	��H j T
M�I BPF�F HP`bHPQ F o D S f T�HRTeX�crH~Gnm j D IsY
crHwG j M B Ia`bH ~Fv = −µv~v(M/R )

BCl
µv HiS F TVQ�Hgd B Q�S F j Q F H�U B S D F!D o�H p

8) -
�<B QVQ�HPI Gnm H�X URILHiSkS DqB Q�crH~Gnm j didiKPG KPI j F!D B Q ~a(M/R ) c j Q�S�G j x j S�H B HPQgM B QRd F!D B QwcrH a Y ϕ̇ H F ϕ̈

p

9) - (a) :EdRI D ILHbS B T�S�M B Ia`bH o�H�d F�B I D HPGhG H5G j G B D M B QRc j `bHPQ F j G HbcrH?G j c � Q j ` D�f T�H?U B TVI+G H0U BED Q F { c j Q�S
S B Q�` B T�o�HP`bHPQ F U j I�I j UVU B I F j T�I]KiMOKPI]HPQ F!D HPG R p
9) - (b)

4 I B J H F HPI|dNH F�F H K f T j F!DqB Q�c j Q�S G j x j S�H B p { B Q F I]HPI f T�m B Q BCx�F!D HRQ F crHRTeX?K f T j F!D B Q�S<Skd j G j D ILHiS
crH~G j M B I `�H ;
ϕ̇2 +ω2 cosϕ =

1
ma

R H F
ϕ̈+

2
τ

ϕ̇+ω2 sinϕ = 0BCl o B T�S�URILK�d D S�HPI]H���G j c D `�HRQ�S D B Q~crH τ H F S B Q'H�X URILHiSkS DqB QwHPQ'M B QRd F!DqB QwcrH µv H F ω
p

page 3/4



10) -
4CB TVI ϕ S�T��~S j `5`�HRQ F UZH F!D F�F HPG f T�H sin(ϕ) ≈ ϕ Y ϕ HiS F j G B ILS�S B G�T F!DqB Q�crH�Gnm K f T j F!DqB Q�c D ��KN�

ILHRQ F!D HRG�G H ; ϕ̈+
2
τ

ϕ̇+ω2ϕ = 0
p

10) - (a) :VX UVG Dqf T�HPI U B TVI f T BED G H�` BCxrD G H~UrHRT F B Skd D G�G HPI j T F�B TVI)cCT�U BED Q F � U B TVI τ > 1
ω
p

:|Q'SNTVUVU B S j Q F f T�m�y t = 0 ϕ(t = 0) = pi/2 H F ϕ̇(t = 0) = 0 c B QVQ�HPI G�mhH_X UPI]HeS�S D B Q�crH ϕ(t)
p

10) - (b) �tW|Q�crHgM j d D G D F HRI G HiS�d j G dRTVG SNY B Q�UPI]HPQRc[d B `5`bH�Q B T�o�HRG D Q�S F j Q F0D Q D F!D j G|G H�` B `bHPQ F BCl {
HeS F�F HPG f T�H ; ϕ(t = 0) = π/2 j o�H�d ϕ̇(t = 0) = 0

p+�<B QVQ�HRI j G B ILS?G�mhH_X UPI]HeS�S D B QzcrH ϕ(t) c j Q�S0G H'd j SBCl G H~` BCxrD G H�UZHPT F B S d D GhG HPI p
10) - (c) �|HPURILKiSkHRQ F HPI1SNTVI<TVQgcrHiSkS D Q ϕ HPQ0M B QRd F!D B QgcCT F HP`5U�S t

p�� QRc Dqf T�HPI<G j U�S�HPTRc B � UrKRI DqB crH T cCT
` B T�o�HP`bHPQ F HPQ'M B QRd F!DqB QwcrH ω H F τ

p
10) - (d) :
Q~crKecCT D ILH~G j U B S D F!D B Q'cCT�` BCxrD G H5S�TVI G H~I j D G d D ILdRTVG j D I]H~G B ILS f T�H t −→ ∞

p
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